An enzymatic glucose biofuel cell uses glucose as fuel and enzymes as biocatalyst, to transform biochemical energy into electrical energy. An analytical modelling of an enzymatic biofuel cell should be used, while developing fuel cell, to estimate its various enzymatic parameters, to obtain the highest voltage feasibly. The analytical model was developed, and the open circuit voltage (OCV) calculated by the model for various parameters of the fuel cell is in agreement with the experimental results. The OCV is interpreted by using this model, based on theoretical consideration of ions transportation in the solution. The generation and consumptions of the ions near the electrodes were defined in the model by exponential approximations, with different depletion coefficients. The model reveals that increasing the rates of hydrogen ions generation and (or) consumption by enzyme or chemical reactions leads to a higher value of OCV. The model points that the OCV is saturated with a glucose concentration and increased logarithmically with a surface enzyme concentration. Hence, a low glucose concentration is sufficient to obtain adequate OCV, on the one hand, but it can be increased by increasing electrode surface porosity, on the other hand. This model can be expanded to include time and close circuit voltage.
Introduction
The biological fuel cell converts directly chemical or biochemical energy, in the form of glucose, or other common fuels currently used in fuel cells, into electrical energy [1] [2] [3] [4] [5] [6] . Enzymatic fuel cells (biofuel cell) use glucose as fuels and enzymes as biocatalyst. Enzymes can convert the glucose in serial reactions into water and carbon dioxide. The use of the modeling approach [7] to interpret the behavior of enzymatic fuel cells is not so common in the literature. The enzymatic fuel cells models include reaction kinetics, transport phenomena [8, 9] , statistical analyses [10] and metabolic analyses [11] . There is a single channel [8] for flow of each anolyte and catholyte stream. The electrons generated in the oxidation reaction can pass to the anode directly, or through mediator. An exponential decay in the availability of oxygen from the cathode side was observed [12, 13] . Various authors have used theoretical and experimental methods for estimating the fuel cell performance [14] [15] [16] . The models [8, 9, 14] are numerical models.
The focus of this paper is to develop a simple theoretical analytical model for enzymatic membranless glucose-fuelled fuel cells, with direct electron transfer mechanism (without use of a mediator). The physical model includes rates of hydrogen's ions generations and consumptions, which are the essential parts of the model.
The present study aimed to predict hydrogen ions concentration distribution and open cell voltage in enzymatic fuel cell, based on basic chemical, biochemical and electro physical principles.
Materials and Methods
The fuel cell was designed in the laboratory of the electro engineering department of ORT Braude College. The electrodes consisted of carbon cloth. The carbon cloth (24 cm 2 ) was coated with gold or silver to which enzyme is coupled by an arm separator through an amino or carboxylate group. The enzymatic anode is shown in Figure  1(a) . The assemblance of the fuel cell is shown also in Figure 1(b) . The two electrodes were separated by a mem- brenless reservoir containing an electrolyte solution, enables ions movement between the electrodes. The distance between the electrodes is 4 mm. The cathode and the anode connect to an external circuit. The cathode is exposed to the ambient air. No membrane is needed since the fuel is in no contact with the cathode. Before the experiment the fuel reservoir was filled with glucose solution and the electrolyte reservoir (between the electrodes) was filled with buffer phosphate. Electrolyte concentrations (buffer phosphate) were 0.1 or 1 M. The glucose concentration was 1 M. The range of the surface enzyme concentration was 2.8 × 10 −5 -6.9 × 10 −4 mol/m 2 . Measurements were done at 23˚C.
Theory
Since a physical and an engineering approach require flexible and combinable models, this work tries to develop an analytical model to describe ions concentration and voltage in a fuel cell. In this approach, the chemical, biochemical and physical phenomena occurring on the electrodes and in the electrolyte reservoir are expressed, using differential equations to obtain analytical expressions.
The Model
The biofuel cell consists of anode and cathode electrodes, parallel to each other. The enzyme glucose oxidase (GOD) that catalyzes oxidation of glucose is attached to the anode. The electrodes are parallel plane, separated by electrolyte solution (usually a phosphate buffer) which is needed for ions migration and for optimize enzymatic activity in the fuel cell. The enzymatic reaction on the anode gives two electrons and two protons [17] . The electrons are transferred directly to the anode without the use of mediator, and flow through the external circle to the cathode. The hydrogen ions move in the electrolyte from the anode towards the cathode.
On the cathode, oxygen reacts chemically with the electrons from the external circuit and with the hydrogen ions from the electrolyte to yield water
The Overall red-ox reaction occurs in the fuel cell is (1):
The Gibbs free energy released in this reaction is −97.5 kJ·mol −1 [18] , is expressed by the maximal theoretical fuel cell standard potential of 0.505 V. The protons gradient created between the two electrodes is one of the main factors contributed to ions current density and the voltage on the fuel cell. The electrical conductivity of the buffer is a function of buffer concentration that assumed to be independent of the distance from the electrodes. The buffer solution is assumed to be electrically neutral. The model is assumed to be in steady state in regards to proton production and consumption.
Rate of Hydrogen Ions Generation and
Consumption In our case, the rate of hydrogen ions production g 10 by the enzyme electrode (amount of hydrogen ions generated per unit of time in unit of volume) as a function of glucose concentration [G] can be compute from Michaelis Menten model (Equation (2)):
In the fuel cell the enzyme is attached to the surface of the electrode, hence adaptation of this equation to surface generation should be considered. The reaction rate is also a function of the rate constants of the enzymatic reactions, k cat and K M , where 
The two processes, hydrogen ions generation on the anode and consumption on the cathode determines hydrogen ions distribution along the fuel cell.
Hydrogen Ions Movement in the Electrolyte
The hydrogen ions, generated on the anode, are moving towards the cathode, were they are consumed. They are responsible, together with the electrolyte, to the current density in the fuel cell. The current density i derived from flux of ions present in the solution during the fuel cell operation [19] is expressed in Equation (4)
where e signed electron ionic charge, c i is its concentration, D i is its diffusion coefficient, σ is the electrical conductivity and E is the electrical field. Current density is assumed here to be one dimensional along the x-axis. The direction of the axis x is from anode to cathode and normal to both of them. Using kinetic theory [19] the electrical conductivity, derived from the ions present in the solution, is expressed as:
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The summation index i refers to the ions that take part in electricity conduction in solution. Here D bi -diffusion coefficient of the buffer's ions, m 2 ·s
, F-Faraday constant, R-universal gas constant, T-temperature. The first part of this expression includes buffer ions concentration c bi and the second part hydrogen ions concentration H . In order to get ions concentration, the mass conservation equation
was solved here for a steady state conditions. The rates of hydrogen ions generation by enzyme on anode and hydrogen ions consumption on cathode were added to Equation (6) . This has done by choosing such mathematical functions for the rate of generation g 1 and consumption g 2 of hydrogen's ions, which accepted the greatest values on borders of electrodes and were negligible at the bulk. Equation (6) is composed of three parts: divergent of current density, hydrogen ions generation by oxidation and hydrogen ions consumption by reduction. We suggest the mathematical functions to approximate the rate of generation g 1 and the rate of consumption g 2 as:
Here, g 10 is the volume generation rate due to the anode enzymatic reaction, given by Equation (2), where x is the distance between the electrodes. Its value is zero on the anode and L on the cathode. L 01 is a depletion coefficient constant depending on the coupling of the enzyme to the anode and on the electrolyte properties. The function g 1 gives approximation to the generation rate. The value of g 1 approaches g 10 as the value of х comes close to the anode. As the distance from the anode increases, the value of g 1 in Equation (7) significantly decreases.
The consumption rate g 2 is due to the chemical reaction on the cathode. The volume consumption rate near the cathode get the value g 20 , and should be zero on the anode. The function g 2 (Equation (7)) describes these relationships. Here, g 20 is the volume consumption rate due to the oxygen reduction near the cathode, given by Equation (3) . L 02 is a depletion coefficient constant depending on the electrolyte and cathode properties.
The function g 01 describes the volume generation, up to distance L 01 , from the anode. This distance is also the parameter describes the exponential decay of the generation g 1 in Equation (7). The function g s1 , on the other hand, describes the experimental results of surface generation on the anode. The same equation is applicable for the volume consumption g 20 near cathode. These functions can be connected by expressions (8)
Distribution of Hydrogen Ions
Substituting current density (Equation (4)), electrical conductivity (Equation (5)), rate of generation and consumption (Equation (7)) into Equation (6) yields a differential equation that describes concentration changes as a function of the distance from the electrode (Equation (9) 
The following boundary conditions are defined: the boundary condition for the anode, when x = 0, and for the cathode, when x = L (Equation (10)).
were the term g 1S describes an amount of hydrogen ions generating from unit of anode surface per unit of time, c L is the concentration of hydrogen ions at the cathode. 
The generation of protons, due to the enzymatic reaction, occurs only on the anode, and can be easily estimated from experimental results. When the rate of ions consumption is difficult to estimate, omitted g 2S in Equation (9) conducts to
When buffer concentration is neglected OCV can be reduced to Equation (16) 
The solution of Equation (12) gives simplified form of the hydrogen ions concentration (Equation 13). e e e e 1 1
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Experimental Results

The Stability of the Enzyme Coupled to the
Electrodes The electrodes consisted of the enzyme glucose oxidase coupled to gold or silver coated carbon cloth through a carboxylic connection group.
The stability of the coupled enzyme with time is shown in Figure 2 .
Equation (13)) is a private case of Equation (11), and doesn't include rate of ions consumption at the cathode. In this case hydrogen ions concentration near the cathode, c L , is obtained from the boundary condition.
It is seen, that for at least 45 days the activity is stable, which indicate the suitability of the electrode to perform for long period of time.
Open Circuit Voltage (OCV)
OCV Obtained in Various Fuel Cell Conditions
The OCV can be calculated from Equation (4) by substituting the current density as zero, substituting the conductivity σ from Equation (5) The result of integration voltage U is
where c 0 is the concentration of hydrogen ions at the anode, were x = 0, c L is the concentration of hydrogen ions at the cathode, were x = L. Equation (14) points on buffers' and rate of generations' role in OCV. The concentration value of c 0 can be calculated from Equations (11) and (13) and the OCV can be expressed by substituting this expression into Equation (14) . Equation (14) can be simplified by assuming the same values for the diffusion coefficients of buffer and hydrogen ions (Equation (15)). various experiments the enzyme electrode type, its surface enzyme concentration, and the glucose and electrolyte concentration in the fuel cell are reported, with the OCV obtained at that conditions.
Hydrogen Ions Surface Generation
Equation (2) was adapted to surface generation by substituting Equation (8) into Equation (2) 
The kinetic enzyme reaction rate coefficients k cat was chosen from the very wide range of values [20] [21] [22] [23] and K M were estimated from the experimental results in [24] :
, . The value of the experimental hydrogen ions surface generation 3 1 1.6 10 sec
g was calculated for the experimental results parameters ( Table  1) [25] . From Equation (17) the dependence of surface hydrogen ions generation-g 1s on glucose concentration is almost linear at low glucose concentration, and saturated at high glucose concentrations. To examine the dependence of the surface generation on the range of glucose concentration, g 1S was calculated as a function of glucose concentration for different enzyme concentrations (Figure 3) . For very low glucose concentration, below 0.02 M, the rate is almost linear with glucose concentration, but it became saturated already at relatively low glucose concentration. at 0.2 M it is 90% saturated. Hence, glucose concentration in the experimental condition has negligible effect on the reaction rate, and the generation rate for calculating hydrogen ions concentration by Equations (11) and (13) can be taken as the saturated values of g 1s for the desired enzyme concentration.
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The rate of surface ions generation depends linearly on surface enzyme concentration [E S ], Equation (17). Here again, the minimal effect of glucose concentration range on the generation is noticed.
Estimation Values of L 01
The value of the depletion parameter L 01 has a huge influence on the calculated ions' concentration in this model. Hence, it is very important to estimate it. Ions concentrations were calculated, using Equation (13), as a function of the distance from the anode. The estimated values of L 01 for these calculations were from 10 −6 m to 10 −9 m. The value of hydrogen ions generation was taken from the saturated region in Figure 3 . According to results L 01 = 10 -9 m was taken for calculation. This assumption has a physical meaning because the size of an enzyme molecule is approximately 10 −9 m, and the generation of hydrogen ions is taken place on the surface of the anode, and up to 10 −9 m from it.
Hydrogen Ions Concentration between the Electrodes
The hydrogen ions are generating on the anode, moving towards the cathode and consumed on the cathode. As a result, a gradient of hydrogen ions is obtained between the electrodes. The voltage obtained on the fuel cell is a function of this gradient of hydrogen ions, hence it is important to examine this phenomenon. The hydrogen ions concentration in the bulk was calculated by Equam sec tion (13) . The concentrations as a function of the distance from the anode, (Figure 4 ) are plotted for different values of surface generation, which were taken from the saturation values in Figure 3 . Figure 4 shows that decreasing rate of generation-1s
g -leads to decrease surface hydrogen ions concentration on the anode, as expected from this equation. To see the effect of the boundary condition c L , the hydrogen ions concentration was calculated for several c L values. The results showed that the concentration not only decrease near the cathode, as already determined by c L values, but also through the whole distance between the anode and cathode and on the anode itself. This is due to the effect of c L , as an individual term in Equations (11) and (13).
Open Circuit Voltage (OCV)
OCV Dependence on Buffer Concentration
Open Circuit Voltage (OCV) is an important parameter of fuel cells. In this case . 0 j = The OCV, in Equations (14) and (15), depends on the hydrogen ions concentration on the anode-c 0 -and on the cathode-c L hence on the gradient of hydrogen ions between the electrodes. As the concentration on the cathode-c L -decreases, OCV increases. As the concentration on the anode c 0 increases, OCV increases. The OCV depends also on buffer concentration .Since in Equations (14) and (15) the buffer concentration is added both to the cathode concentration term (in the numerator) and to the anode concentration term (in the denominator), when a buffer concentration c b is decreasing the voltage is increasing. Hence, the maximum OCV can be obtained by neglecting the buffer concentration, as in Equation (16). In this case, the OCV depends only on the ratio of the electrodes ion concentrations. The calculation of the voltage obtained as function of buffer concentration (Equation (15)), and the maximum OCV when the buffer is neglected (Equation (16) is shown (Figure 5) ).
It is shown that when the buffer concentration is neglected (Equation 16 ), the voltage is determined entirely by the hydrogen ions gradient. When buffer concentration is considered (Equation (15)), not only that the voltage decreases with increasing buffer concentration, but at as low as 0.01 M the two graphs with different hydrogen ions gradient are coincided to one. It can be explained by the fact that the buffer screens the effect of the hydrogen ions gradient through the electrodes. Hence the buffer concentration should be kept as minimal as possible to provide, on one hand, optimal environmental condition to the enzyme, without interfering, on the other hand, with obtaining the voltage. The decrease in voltage with increasing buffer concentration is in agreement with the experimental results ( Table 1 ).
OCV Dependence on Glucose Concentration
In order to express OCV (Equation (15)) as a function of glucose concentration, the following propositions are followed: From Equation (13), c 0 is in proportion with the surface generation, hence
were is the boundary hydrogen ions concentration on the anode obtained for the surface generation value he calculated value of hydrogen ions surface generation for the experimental results parameters ( Table 1) . Equations (17) and (18) are substituted in Equation (15) . is t The obtained Equation (19) 
The OCV as a function of glucose concentration is plotted in Figure 6 up to 0.01 M.
The voltage is saturated in the experimental concentration range of glucose. It happened because the rate of ions generation almost saturated by glucose in this range of glucose concentrations. Hence, the same OCV can be obtained in lower glucose concentrations, which contribute to the efficiency of the enzymatic fuel cell.
OCV Dependence on Enzyme Concentration
The numerator in the expression for OCV (Equation (19)) composes of two terms: the first term depends on buffer concentration, and the second term depends, aside from enzyme concentration, on Figure 7) , the dependence of OCV on enzyme concentration is not logarithmic for the entire range of enzyme concentrations. Only in high enzyme concentration, relative to buffer concentration, a logarithmic dependence exists. The voltage was calculated up to enzyme concentration of 0.01 mol/m 2 , which gave OCV of 0.505 V, the maximal theoretical fuel cell standard potential, for the electrochemical reaction of the fuel cell. Hence the fuel cell voltage can be increased up near its theoretical value, by increasing the surface enzyme concentration. This can be done, until a full coverage of the surface is achieved. Further increase in surface enzyme concentration can be achieved only by increasing the porosity of the electrode. 
Discussion
Usually the maximum voltage is not obtained, due to several limitation of the fuel cell. In the extensive experimental work done on fuel cells, several parameters of the fuel cell are investigated, in order to increase the voltage. Using a simple analytical model enables investigating the effect of various parameters of the fuel cell on the voltage accepted. In this paper, a simple analytical model of a glucose fuel cell, with enzymatic catalyzed anode and an enzymatic or chemical catalyzed cathode is brought up. Generation and consumption functions. The model suggests mathematical exponential functions to approximate the rate of generation and consumption. The exponential functions include a depletion coefficient, whose values estimate the distance from the electrode, were the generation or consumption rates are significantly decreases. The value of the depletion coefficient was found to be 10 -9 m. This value has a physical meaning, since it is approximately the size of an enzyme molecule.
In our fuel cell, the cathode was a bare carbon cloth, with no chemical reactivity, hence, the consumption reaction is unknown. In this case, a simplified version of the model was used (Equation (13)) and the boundary concentration c L was chosen arbitrarily. These two processes, generation and consumption, determined the hydrogen ions gradient in the fuel cell, and as a result, they determined the OCV.
Effect of glucose and enzyme concentrations. The expression for surface hydrogen ions generation (Equation (17)) was adapted for the enzymatic anode by substituting enzyme surface concentration into Michaelis Menten equation, and substituting the kinetic parameters for the enzyme glucose oxidase from the literature. It was found (Figure 3 ) that the generation was increasing at very low glucose concentration and reached 90% of saturation value at 0.2 M glucose. Hence, glucose concentration can
